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Abstract
Development of models to describe the shock states of distended mixtures is motivated by the need to understand
how these materials respond over large compression ranges starting from mechanical crush and ending in extreme
thermodynamic states. The engineering and physical science communities have dedicated much eﬀort in understanding
and modeling the compressive response of distended materials. Unfortunately, the endeavor to understand becomes
more complicated when the material of interest is actually a heterogeneous mixture of individual components rather
than a single distended solid. The mixture may inherently have components with widely disparate densities, moduli,
and strengths, thus adding to the challenge.
A material modeling approach is presented which is comprised of a thermodynamically consistent Hugoniot equa-
tion of state (EOS) built into a mixture-modeling framework. This combination enables the user to describe a hetero-
geneous combination of material components. The modeling approach can describe the dynamic response of distended
mixtures over very large compression ranges.
c© 2012 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Hypervelocity Impact
Society.
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1. Introduction
The material modeling approach is based on the P-λ material equation of state, which represents a
combination of an equilibrium pressure equation of state (EOS) and a framework in which to describe a
heterogeneous mixture of materials in order to represent the complete pressure range response. This is an
engineering modeling approach to address mixtures and multiple states (e.g., uncompacted to compacted,
phase 1 to phase 2, etc.), which inherently have components with widely disparate densities, compliances,
and strengths. The model is intended to be robust for computational applications with relatively few param-
eters to describe a material. The model is implemented as described by Grady et al. [1]. Originally, the P-λ
model was built for low-pressure mechanical crush of porous mixtures and is suitable for distended mixtures
of powdered solids (base matrix material) and interstitial ﬂuids (pore volume material) such as water, air,
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or vacuum [1, 2]. The new modiﬁcations to the P-λ model described herein are intended to simulate the
compaction behavior of a porous mixture from mechanical crush through extreme pressure loadings.
2. The Model Basics
The P-λ material model as stated above is mathematically based on a superposition of speciﬁc volumes
as shown in Eq. (1). The υh(P) and υe(P) terms are pressure-speciﬁc volume relationships for the fully
compacted mixture (iso-pressure) and the elastic initially distended media (iso-strain), respectively.
υ(P) = λ υh(P) + (1 − λ) υe(P) (1)
Another way to express this superposition is in terms of compression (divide through by the initial distended
volume of the material, υo), which creates Eq. (2). The λ represents the compaction fraction of the mixture
between the elastic iso-strain curve and the iso-pressure curves,
υ(P, λ(P))
υo
= λ(P)
υh(P)
υo
+ (1 − λ(P)) υe(P)
υo
. (2)
A graphical representation of the superposition relationship is illustrated more completely on the left in
Fig 1. The λ parameter is a pressure dependent function ranging from zero for the initial distended media
to unity for the fully compacted material. The functional form currently used for λ is based on a Weibull
statistical strength of materials concept,
λ(P) = 1 − e−(P/σ)n , (3)
where σ and n are the material compaction parameters. The σ parameter is related to the strength of the
mixture, which roughly controls the point of departure from iso-strain behavior. The n parameter represents
the homogeneity of the compaction and determines the abruptness of the transition to iso-pressure response.
Roughly speaking, n acts like a compaction-hardening exponent. The λ also has a characteristic where an
increase in λ is irreversible, so once a material is compacted, that state of compaction is maintained.
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Fig. 1. The P-λ model concept is illustrated in the pressure-compaction plane, showing the boundaries of the model. The actual
compaction state may exist between the bounding curves and is determined by computing the λ parameter. The λ function is plotted
on the right to illustrate similarities to a material stress-strain relationship where λ (the compaction fraction, i.e., resembles a strain
response) is a function of pressure or in a more complete sense, stress.
A functional illustration of the λ parameters is shown on the right in Fig 1. Material hardness or resis-
tance to crush is governed by σ and the rate at which the material reaches full compaction is controlled by
n. Other functional forms for λ(P) may, however, be appropriate for other applications.
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3. The High-Pressure EOS Model
The motivation for the continued development of the P-λmaterial model is to create a consistent equation
of state model that can predict the dynamic response of a heterogeneous mixture over a large pressure range,
consisting of the low-pressure mechanical crush of the mixture up to the extreme high-pressure thermal
eﬀects of shock compression. This eﬀort extends the existing P-λ material equation of state where the Mie-
Gru¨neisen EOS was originally used for the high-pressure response of the fully compacted mixture. The
diﬃculty associated with the Mie-Gru¨neisen EOS is that multivalued pressure conditions can exist for a
highly distended material. This condition is illustrated in Fig. 2, where the positive slope of the distended
Hugoniot is due to large amounts of shock heating.
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Fig. 2. Multivalued pressure condition can exist for a highly distended material. At certain speciﬁc volumes, multiple values of valid
pressure states can exist, thus causing a challenge to accurately determining the correct pressure-volume state of a shocked material
mixture.
The derivation of the thermodynamic EOS component of the P-λ model begins in a fashion similar to
the familiar Mie-Gru¨neisen EOS, where the principal thermodynamic relation,
Γ(υ) = υ
(
∂P
∂E
)
υ
, (4)
is assumed to be only a function of one variable, speciﬁc volume. Rather, we begin with the relation,
ξ(P) = P
(
∂υ
∂H
)
P
, (5)
where ξ is called the RW parameter (after Rice and Walsh [3]) and is assumed dependent only on the
pressure. The RW parameter is a dimensionless measure of the increase in volume when thermal energy is
added to a body while maintaining constant pressure. The seminal, thermodynamic approach introduced by
Rice and Walsh [3, 4] is utilized in this new EOS formulation. Eq. (5) can be integrated holding pressure
P constant from some reference speciﬁc volume υR(P) and reference enthalpy HR(P) to yield a relation for
speciﬁc volume as a function of pressure and enthalpy,
υ(P,H) = υR(P) +
ξ(P)
P
(H − HR(P)) . (6)
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Eq. (6) is analogous to the Mie-Gru¨neisen EOS obtained when Eq. (4) is integrated holding volume constant
from some reference pressure and corresponding reference energy. ξ is readily shown to be related to the
Gru¨neisen Γ through,
ξ(P) =
Γ(P)P
Ks(P)
, (7)
where the Gru¨neisen gamma Γ(P) and isentropic bulk modulus Ks(P) are evaluated at pressure on the refer-
ence Hugoniot. Rice and Walsh [3] developed an equation of state for water based on an assumption that ξ
is only a function of pressure. The functional form for the Gru¨neisen gamma is based on equation of state
work of Altschuler [5]. Namely, the ambient Gru¨neisen gamma Γo is known from ambient thermodynamic
properties while at very high quantum mechanical pressure it approaches Γ∞ = 0.5. A physically reasonable
approximation of intermediate states is provided by the pressure-dependent function,
Γ(P) = Γo e−
(
P
Ko
)
+ Γ∞
(
1 − e−
(
P
Ko
))
, (8)
where the pressure P is normalized by the initial bulk modulus of the material. Fig. 3 shows the computed
pressure-dependent gamma for an example material mixture over a pressure range from 0 to 500 GPa. In
this case a porous mixture of powdered Ta2O5 (tantalum pentoxide) and air. Fig. 3 also shows Eq. (8)
plotted with the constant gamma (Γ = Γo) and constant rho-gamma (ρΓ = ρoΓo) approximations to illustrate
the bounds of Eq. (8) for the example material.
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Fig. 3. Gru¨neisen gamma over a large pressure range for the Ta2O5 mixture. Where Ko = 36.2 GPa, Γo = 1.16, Γ∞ = 0.65.
As pressure increases the Gru¨neisen gamma function approaches the value set for Γ∞. The isentropic
bulk modulus Ks(P) in Eq. (7) was inferred from the deﬁnition of the Linear-Z equation of state of Grady
[6]. The Linear-Z EOS is given by Eq. (9) where Ko, S , and  are the initial ambient bulk modulus, slope of
the Us-up curve, and the engineering strain of the material respectively.
P =
Ko
4S
(
e4S  − 1
)
, where  = 1 − υ/υo (9)
Using the deﬁnition of the bulk modulus Ks ≡ −υ dP/dυ = (1 − ) dP/d and diﬀerentiating Eq. (9) with
respect to  one obtains an expression for the isentropic bulk modulus as a function of pressure,
Ks(P) = Ko
(
1 − 1
4S
ln
(
1 + 4S
P
Ko
)) (
1 + 4S
P
Ko
)
. (10)
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To calculate the Hugoniot states in distended material using the Rice and Walsh EOS it is convenient to
reference from the principal Hugoniot of the solid material. The respective enthalpies shown in Eq. (6) are,
HR(P) =
1
2
P (υo + υR(P))
H(P) =
1
2
P (υoo + υ(P)) . (11)
Substituting Eq. (7) and Eq. (11) into Eq. (6) yields the speciﬁc volume versus Hugoniot pressure expression
for the Rice-Walsh EOS for the initially distended material,
υ(P) = υR(P) +
υoo − υo
2 Ks(P)
Γ(P) P − 1
, (12)
where υR(P) is the reference Hugoniot relation. Practically speaking, any valid reference pressure-volume
relationship can be used. Typically, a principal Hugoniot is used, but an isotherm or an isentrope could also
serve as a valid reference. The principal Hugoniot reference condition is preferred in this analysis because
a linear shock-velocity versus particle-velocity EOS is commonly used and provides easy access to EOS
parameters for the individual components of the porous mixture. Namely, Co the bulk sound speed, S the
linear slope, and ρo = υ−1o the initial solid material density. When combined with the Hugoniot conservation
relations an analytic relation for the principal Hugoniot pressure as a function of speciﬁc volume is obtained,
P(υR) =
ρo C2o (1 − υR/υo)
(1 − S (1 − υR/υo))2
. (13)
Eq. (13) can be inverted to provide an expression for the principal Hugoniot speciﬁc volume as a function
of pressure,
υR(P) = υo − υoα(P)S
(
1 −
√
1 − α(P)−2
)
(14)
where
α(P) = 1 +
ρo C2o
2 S P
. (15)
The second term on the right in Eq. (12) represents the speciﬁc thermal volume change from the reference
speciﬁc volume condition for a given initial bulk speciﬁc volume υoo and initial solid speciﬁc volume υo.
Eq. (12) is the form derived from the Rice and Walsh EOS we are using in our analysis. Substituting the
expressions given by Eq. (8), Eq. (10), and Eq. (14) into Eq. (12) yields a thermally responsive equation
of state for full shock compaction of initially distended material. The fully compacted mixture material
is considered to be in pressure and temperature equilibrium. This equation of state is found to oﬀer a
reasonable representation of high thermal expansion response that is present in many distended materials
when subjected to intense shock states. This capability will be presented with some detail in Section (4) of
this article.
4. Applying the Model
Tantalum pentoxide (Ta2O5) was selected to test the abilities of this EOS model development. This
material oﬀers importance to industry and the shock-physics research community. Even though this material
has broad applications, the extreme high-pressure EOS at various distensions has not yet been widely studied
and reported. However, recent experimental work conducted by Miller et al. [7] and Vogler et al. [8] on
Ta2O5 is providing the needed data for this EOS development eﬀort.
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Fig. 4. Hugoniot plots of three diﬀerent distensions of Ta2O5 shown in a log-linear plot to highlight the lower-pressure crush data
points and illustrate the agreement of the model to the experimental data over a large pressure range.
4.1. Shock Loading of Porous Ta2O5
Using the Rice-Walsh EOS as the high-pressure equilibrium EOS and the P-λ framework to address the
low-pressure crush of the test material, a reasonable EOS prediction over a large pressure range is obtained
for the test material. Fig. 4 illustrates the usefulness of this EOS model formulation for the Ta2O5 material
at several initial distensions.
The Hugoniot reference curve for Ta2O5 shown in Fig. 4 is estimated from the 90% density Hugoniot
data identiﬁed by the dashed curve. This results in an approximated bulk modulus (Ko = 36.2 GPa) for
solid Ta2O5. The log-linear plot is ranged from 0.01 GPa to 200 GPa resulting in roughly four decades
of pressure. This range of pressure was suﬃcient to demonstrate the low-pressure material crush and the
equilibrium high-pressure response of the model. Plotting additional low-pressure decades obscures the
plot, but it does show the curves running down to the initial bulk densities of each material distension.
4.2. Shock Temperature of Porous Ta2O5
Shock induced heating and the accompanying temperature rise in the shock wave is a complex non-
equilibrium event. On the continuum scale, temperature rise in a structured shock wave is nearly adiabatic
with thermal conduction occurring on time scales far larger than that of wave propagation. Sensible calcu-
lations of the Hugoniot temperature based on continuum thermodynamic principles provide useful bounds
on the shock-heating event. Temperature states achieved in shock loading can be assessed through applica-
tion of continuum thermodynamic principles. Shock temperature calculations were done with emphasis on
distended solids through the use of the temperature diﬀerential,
dT
dP
− Γ(P)
Ks(P)
T =
1
2 CP
(
P
dυ
dP
+ (υoo − υ(P))
)
. (16)
Computing the shock temperature was done by approximating Eq. (16) as a temperature diﬀerence equation
as opposed to analytically solving for T (P). Rewriting Eq. (16) as a diﬀerence equation one obtains,
ΔTi =
1
2 CP
(υoo − υi−1) (Pi − Pi−1) + 12 CP Pi · (υi − υi−1) +
Γ(P)
Ks(P)
Ti−1 · (Pi − Pi−1) . (17)
Ti = T0 + ΔTi (18)
The Hugoniot temperature at a speciﬁc pressure (denoted by the subscript i) is given by Eq. (18). The
expressions for υ, Ks(P), and Γ(P) are provided by substitution of Eqs. (12, 10, 8) respectively. T0 is the
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initial temperature at P = 0 GPa, which is typically T0 = 298 K. A Dulong-Petit approximation of speciﬁc
heat for Ta2O5 was assumed to be Cp = 324 J/(kg·K) as reported by Samsonov [9] and remains constant
over the temperature range.
The temperature was computed for the experimental data from Vogler et al. [8] and plotted with the
computed temperature from Eq. (18) for each material distension. This comparison is shown in Fig. 5. The
plots in Fig. 5 show most of the experimental data with the exception of two high-pressure experiments
(125 GPa and 150 GPa) for the ρoo = 1.2 g/cc material. These two experimental data points resulted in
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Fig. 5. Hugoniot temperature calculations of the Ta2O5 material. The plot is the temperature over the pressure range. The red line with
shading is the melt line of Ta2O5 assuming a Lindemann melt law.
calculated temperatures in excess of 156,000 K and were omitted in the plot of Fig. 5 to allow visibility of
the lower temperature data points. A melt curve for Ta2O5 was calculated in order to provide a reference
for the range of shock temperatures generated. The red line with shading is the melt line of solid Ta2O5
assuming a Lindemann melt law with an upper-bound initial melt temperature of 2088 K as reported by
Samsonov [9]. Temperature and densities at the highest Hugoniot pressures reveal that material states are
entering a region identiﬁed as that of warm dense matter (WDM) [e.g., Drake [10]].
4.3. Short Study on a Mixture of Calcium Carbonate and Water
In 1973 a very extensive experimental investigation of shock compression on carbonate materials was
performed by Kalashnikov et al. [11]. This investigation focused on obtaining Hugoniot states of carbonate
mixtures in dry-porous and water-saturated states. A mixture of calcite (CaCO3) in solid state (limestone
with initial density of 2.665 g/cm3, slightly less than the crystal density of 2.71 g/cm3) and water at 13.6%
by weight was chosen to compare against the P-λ model for the purpose of demonstrating the models abil-
ity of predicting component mixture shock response. A comparison of the P-λ mixture model with the
Kalashnikov et al. [11] Hugoniot data is shown in Fig. 6 for both the pressure-density and shock-velocity-
particle-velocity planes.
5. Closure
The P-λ equation of state is useful for modeling porous and material behavior over the range from
compaction to extreme pressures. It takes advantage of the volume superposition of two reasonably well-
characterized compression regimes, the iso-strain and iso-pressure regimes. The iso-strain regime (elastic
compression) occurs during the initial compaction of the material. The iso-strain compression relation is
nearly linear and proportional to the porous material bulk modulus. The iso-pressure regime (pressure
equilibrated) occurs after full compaction occurs. An isobaric enthalpy-based approach is described and
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Fig. 6. Shock Hugoniot data for water (ρo = 0.998 g/cm3), water-saturated calcite (ρoo = 2.20 g/cm3), and solid calcite (limestone
ρo = 2.665 g/cm3). The dashed line in both plots is the model prediction for the calcite-water mixture. The dots in both plots are the
carbonate data from Kalashnikov et al. [11] and water data from Marsh [12].
selected to represent the iso-pressure condition. The enthalpy-based approach appears to reasonably reﬂect
the high-pressure EOS response of a material at various initial distensions.
The model is compared against experimental data on porous tantalum pentoxide (Ta2O5). The tantalum
oxide material is shock compressed at various levels for three diﬀerent initial distensions. Additional data
are needed to gain a further veriﬁcation at higher pressures, but the data gathered to date as compared to the
model oﬀers a reasonable agreement over a broad pressure range. The model was also compared against
experimental data on a water-saturated carbonate mixture. The model shows very good agreement to the
experimental data and falls in line with existing additive mixture theories.
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